Abstract. We investigate Fano varieties defined over a number field, which contain subvarieties whose number of rational points of bounded height is comparable to the total number on the variety.
Introduction
This paper is concerned with the growth rate of rational points of bounded height on Fano varieties defined over a number field, i.e. non-singular projective varieties which have an ample anticanonical bundle ω −1 X . Let X be a Fano variety over a number field k such that X(k) is dense in X under the Zariski topology, and let H be an anticanonical height function on X. Then we may define the counting function N(Z, H, B) = #{x ∈ Z : H(x) B}, for any B > 0 and any Z ⊂ X(k). If Z ⊂ X is a locally closed subset, we shall write N(Z, H, B) for N(Z(k), H, B). Manin and his collaborators [FMT89] have formulated a conjecture on the asymptotic behaviour of such counting functions, as B → ∞. The Manin conjecture predicts the existence of an open subset U ⊂ X such that for any anticanonical height function H on X there is a constant c U,H > 0 such that The most familiar example comes from non-singular cubic surfaces X ⊂ P 3 . If one of the 27 lines is defined over k, and we denote this line by Y , then the left hand side of this inequality is 2, by work of Schanuel [Sch79] (see Peyre [Pey95, Cor. 6.2.18] for general height functions). On the other hand, it is expected that the right hand side should be 1 when U = X \ {27 lines}.
It is known that this conjecture cannot hold for all Fano varieties, as shown by Batyrev and Tschinkel [BT96] through their analysis of a certain bundle of cubic surfaces in P 3 × P 3 . Nonetheless the conjecture is expected to hold for a very wide class of Fano varieties. Moreover, in all cases where it has been proved it has been found that c U,H = c H,Peyre , where c H,Peyre is the constant predicted by Peyre [Pey95] .
Our investigation will concentrate on Fano varieties whose counting functions have the same order of magnitude as the counting function associated to a proper closed subvariety. Experimental investigations into this phenomenon have been carried out by Elsenhans and Jahnel [EJ06] for cubic and quartic threefolds in P 4 , and by Elsenhans [Els11] for some quadric bundles in P We have found it convenient to refine this definition as follows. Note that standard properties of height functions (see Section 2) imply that if Y ⊂ X is saturated, then (1.2) holds for every choice of anticanonical height function. Assuming the truth of (1.1), moreover, it is clear that any saturated subvariety for H is weakly accumulating for H. A geometric analogue of this phenomenon has also been investigated in recent work of Hassett, Tanimoto and Tschinkel [HTT13] .
Our first result on saturated subvarieties is the following. 
For the varieties covered by Theorem 1.3, this shows that one cannot remove a closed subset and hope for Manin's conjecture to hold with Peyre's constant on the corresponding open subset, uniformly with respect to every anticanonical height function. Our investigations suggest, however, that Manin's conjecture could still hold with Peyre's constant as long as one is prepared to remove a thin subset (that this could be the case has also been postulated in [Els11, §6] , [LeR13] and [Pey03, §8] ). Let X be a variety over a number field k. According to Serre [Ser97, §9] , a subset Z ⊂ X(k) is said to be thin if it is a finite union of subsets which are either contained in proper closed subvarieties of X, or contained in the image of a generically finite dominant morphism π : Y → X of degree exceeding 1, with Y irreducible. The results in our paper are compatible with the following conjecture. Conjecture 1.4. Let X be a Fano variety over a number field k such that X(k) = ∅. Then there exists a thin subset Z ⊂ X(k) such that for every anticanonical height function H on X we have
It is expected that the set of rational points on a Fano variety X defined over k is not thin as soon as it is non-empty. Indeed, a conjecture of ColliotThélène states that the Brauer-Manin obstruction is the only obstruction to weak approximation for X. This, together with the finiteness of Br X/ Br k, implies that there exists a finite set of places of S such that X(k) is dense in v ∈S X(k v ) with respect to the product topology. A result of Ekedahl [Eke90] now tells us that this condition implies that X(k) is not thin.
We now indicate the contents of this paper. In Section 2 we recall various properties of height functions and establish our main results. Then in Sections 3 and 4 we shall give applications of Theorem 1.2 and Theorem 1.3 to complete intersections and Fano threefolds, respectively. In Example 3.2, for example, we will use Theorem 2.1 to construct examples of hypersurfaces X of arbitrarily large dimension, over any number field, where the presence of saturated subvarieties precludes (1.1) holding with U = X and c U,H = c H,Peyre . Finally, in Section 5 we will apply Theorem 1.3 to some quadric bundles in biprojective space, where we answer a question of Colliot-Thélène. We explain along the way how these results are compatible with Conjecture 1.4.
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Proof of the main results
Theorems 1.2 and 1.3 are direct consequences of Definition 1.1 and the following result.
Theorem 2.1. Let X be a Fano variety over a number field k, let H be an anticanonical height function on X and let Y ⊂ X be a proper closed subvariety of X over k. Then for any A 0 there exists a choice of anticanonical height function H A on X such that
The idea behind the proof of this result is to build a varying family of height functions H λ for λ > 0 such that H λ (y) = H 1 (y) for all y ∈ Y (k), but such that lim λ→∞ c H λ ,Peyre = 0. Before we carry this plan out, we recall various facts which we shall need about height functions (see [CLT10] or [Sal98] for proofs).
2.1. Adelic metrics and height functions. Let X be a smooth projective variety over a number field k and let L be a line bundle on X. For a place v of k, a v-adic metric on L is a map which associates to every point
(3) For any open subset U ⊂ X and any local section s ∈ H 0 (U, L), the function given by x v → s(x v ) v is continuous in the v-adic topology. Any model of (X, L) over the ring of integers o k of k naturally gives rise to a v-adic metric on L for each non-archimedean place v of k (see e.g. [CLT10, §2] or [Sal98, Def. 2.9]). We then define an adelic metric on L to be a collection · = { · v } v∈Val(k) of v-adic metrics for each place v ∈ Val(k), such that all but finitely many of the · v are defined by a single model of (X, L) over o k . We denote the associated adelically metrised line bundle by L = (L, · ). To such an adelic metric one may associate a height function, given by
where s is any local section of L defined and non-zero at x ∈ X(k). This definition is independent of s by the product formula. We define the class of anticanonical height functions on X to be the class of height functions associated to a choice of adelic metric on the anticanonical bundle ω
is an adelically metrised line bundle with L ample, then the height function H L satisfies the key property that the set
is finite, for any B > 0. In this case the counting function
is well-defined, for any B > 0 and any subset Z ⊂ X(k). Moreover, if L 1 and L 2 are any two adelically metrised line bundles defined on the same ample line bundle L, then the function
exists, is finite and non-zero for any subset Z ⊂ X(k). We shall regularly use this fact throughout this paper. It shows that Definition 1.1 is independent of the choice of anticanonical height function, as claimed in the introduction. 
These may be identified with a collection of homogeneous polynomials of degree d in (n + 1) variables, whose common zero locus in P n is empty. Then for any place v of k, any x v ∈ P n (k v ) and any local section s of O P n (d) which is defined and non-zero at x v , the expression
Moreover the collection of these v-adic metrics defines an adelic metric on O P n (d). Using the product formula, one may write the associated height of a point x ∈ P n (k) as
Note that on taking m = n and s i = x d i for i = 0, . . . , n, then the height function (2.2) is simply the d-th power of the usual height on projective space.
2.2. Proof of Theorem 2.1. Let X be a Fano variety over a number field k. By definition, there exists a ∈ N such that ω −a X is very ample. We choose an embedding X ⊂ P n together with an isomorphism ω −a X ∼ = O X (1). Next, let Y ⊂ X be a proper closed subvariety of X over k. Then we may also choose b ∈ N together with a non-zero global section
Such a global section exists since Y is a proper subvariety of X (s 0 may be identified with a homogeneous polynomial of degree b in (n + 1) variables 
We shall now construct a family of metrics on ω −1 X , defined in a similar manner to the metrics (2.1). Fix a place w of k. Then for any λ > 0 and any x w ∈ X(k w ) we define a w-adic metric on ω
X which is defined and non-zero at x w . Note that here we are identifying s ab with a local section of O X (b) by using the choice of isomorphism ω −a X ∼ = O X (1). It is easy to see that this defines a w-adic metric (the factor (−1/ab) is here to guarantee that (µs)(x w ) w,λ = |µ| w s(x w ) w,λ for any µ ∈ k w ). For v = w, we choose arbitrary fixed v-adic metrics · v on ω −1 X , almost all of which are defined by a model, and let H λ denote the height function associated to the corresponding adelic metric. Note that by (2.3) we obviously have
for all λ > 0 and all B > 0. Peyre's constant (see [Pey95] ) takes the form
Here τ λ denotes the Tamagawa measure associated to the height function H λ and X(k) denotes the closure of X(k) inside X(A k ). Note that α(X) and β(X) are independent of the choice of height function and so do not concern
Moreover, if we let r = dim X, then we have
where ∆ k denotes the discriminant of k and the c v are a family of "convergence factors". The only part of the above expression which concerns us is τ w,λ (X(k w )), which is a continuous function of λ due to the continuity of the metric · w,λ . Therefore, to prove the result it suffices to show that
As X(k w ) is compact it may be covered by finitely many w-adic coordinate patches, so in order to prove (2.4) it suffices to work locally. Let x 1 , . . . , x r be a collection of w-adic local coordinates on some coordinate patch U ⊂ X(k w ). On U the measure τ w,λ is given by s w,λ |dx 1 | w . . . |dx r | w , where
Hence we have
By continuity and the dominated convergence theorem we obtain
since ab > 0. This establishes (2.4) and therefore completes the proof of Theorem 2.1.
Complete intersections
We now come to some applications of Theorem 2.1 to complete intersections in projective space. Throughout this section X ⊂ P n is a Fano complete intersection of s hypersurfaces of degrees d 1 , . . . , d s over a number field k. We shall always assume that dim X > 2. The condition that X is Fano simply means that X is non-singular and d < n + 1, where
Under these assumptions we have Pic
In particular, when X(k) is Zariski dense in X, Manin's conjecture predicts the existence of an open subset U ⊂ X and a constant c U,H > 0 such that
for any anticanonical height function H on X.
3.1. The Hardy-Littlewood circle method. Let us begin by considering what the circle method has to say about (3.1) in the special case k = Q. Let · be an arbitrary norm on R n+1 . In this case one takes the height function
where σ is the affine dimension of Birch's "singular locus" and satisfies σ s (note that an easy induction argument shows that (d − 1)2 d s(s + 1)(e − 1)2 e−1 when d = se). Birch's result is proved using the circle method.
In Section 3.2 we will use Theorem 2.1 to construct examples of complete intersections of arbitrarily large dimension, over any number field k, where (3.1) cannot hold with U = X and c U,H = c H,Peyre , thanks to the presence of saturated subvarieties. A discussion of how the circle method might be expected to account for this behaviour is found in work of Vaughan and Wooley [VW95, Appendix], which we summarise here.
Continuing to assume that k = Q, suppose that the hypersurfaces that cut out X are defined by forms F i ∈ Z[x 0 , . . . , x n ] of degree d i , for 1 i s. In order to establish (3.1) it suffices to study the counting function
as B → ∞. This amounts to counting integral points of bounded height on the universal torsor over X (note that the affine cone over X in A n+1 \ {0} is the unique universal torsor over X up to isomorphism). By orthogonality one hasN (B) =
The circle method is concerned with an asymptotic analysis of this integral, based on a suitable dissection of the range of integration into major arcs and minor arcs. The general philosophy behind the circle method is that the contribution from the major arcs should lead to a main term in agreement with the right hand side of (3.1) with c U,H = c H,Peyre , while the minor arcs should account for the contribution from any accumulating subvarieties. In fact, according to [VW95, Appendix] , the major arcs should account for the contribution toN(B) from all points not lying on a proper subvariety of "integral degree" at most d and height at most B δ , for a sufficiently small positive number δ. Here, the integral degree is defined to be the minimum of the sum of degrees, taken over all possible sets of forms defining the subvariety. According to this theory, therefore, the contribution from any saturated subvarieties would come from the minor arcs 3.2. Linear subvarieties. We now return to the case of a general number field k. Let r ∈ N. By [Sch79] , for any r-plane
where H 0 is the height function
Proof. The result follows on applying Theorem 1.2 to L.
In particular Theorem 3.1 implies that for such complete intersections, the asymptotic formula (3.1) cannot hold with U = X and c U,H = c H,Peyre , for every choice of anticanonical height function H.
Note that one can make the height functions appearing in Theorem 3.1 very explicit. Assume for simplicity that X is as in Theorem 3.1 with k = Q and that X contains a (n−d)-plane L defined over Q. Then after a linear change of variables (which will only change any height functions by a bounded amount), we may assume that L ⊂ {x 0 = 0} and X ⊂ {x 0 = 0}.
For any λ > 0 we take the height function
where we have chosen a representative x = (x 0 : · · · : x n ) such that (x 0 , . . . , x n ) is a primitive integer vector. Clearly H λ (x) = H 1 (x) for any x ∈ L(Q) and the proof of Theorem 2.1 shows that
This can also be proved by studying the associated "singular integral" in the circle method. We now give some examples to which Theorem 3.1 applies. We first show that there are examples of arbitrarily large dimension over every number field.
Example 3.2 (Fermat hypersurfaces). Let d
3. For any n ∈ N such that n > d n/2 + 1 and any number field k, we claim that there is a non-singular hypersurface X ⊂ P n of degree d which contains a (n − d)-plane defined over k. For any r < n consider the Fermat hypersurface
over k. Suppose first that n = 2r + 1 is odd for r > 1. Then X r contains the r-plane x i = x i+r+1 , for i = 0, . . . , r. In particular, X r contains a (n − d)-plane if d (n + 1)/2 and hence Theorem 3.1 applies in this case. If instead n = 2r is even for r > 1, then X r contains the (r − 1)-plane given by the equations x 0 = 0 and x i = x i+r for i = 1, . . . , r. It follows that X r contains a (n−d)-plane if d n/2 + 1 and hence Theorem 3.1 again applies in this case.
Examples of the above type were also considered by Hooley [Hoo86] in the case n = 5 and d = 3 over Q. One may construct more general examples for which Theorem 3.1 applies using known facts about the Fano variety of rplanes. Recall that the collection of r-planes inside X forms a closed subscheme of the Grassmannian G(r, n) of r-planes in P n , which we denote by F r (X) and call the Fano variety of r-planes inside X (one should not confuse these with the Fano varieties as defined above). We have the following result. 
where V is a k-vector space of dimension n + 1. Consider the incidence correspondence
Then the proof of [DM98, Thm. 2.1] shows that I r is geometrically irreducible of codimension
We note that the fibre over any G ∈ Y is the Fano variety F r (X G ). It follows from [Har92, Cor. 11.13] that
for any Fano complete intersection X ⊂ P n as in the statement of the lemma. This establishes (3.3), on recalling that dim G(r, n) = (r + 1)(n − r).
We apply this result to study complete intersections with d = n − 1, as follows.
Example 3.4. Let s be arbitrary, with d = n−1. In this case we are interested in lines. A simple calculation using Lemma 3.3 shows that X obtains a line over a finite field extension K of k and so Theorem 3.1 applies to X K . Note that for a general such complete intersection we have dim F 1 (X) = n − s − 1 by Lemma 3.3, and any point on X lies on a line defined over k (see [Beh06, Rem. 3 
.3]).
Let s = 1 and let X ⊂ P n be a non-singular hypersurface of degree d = n − 1. It has been conjectured by Debarre and de Jong that we always have dim F 1 (X) = n − 2 and Beheshti [Beh06] has proved this for d 6. It would be interesting to find an example for which the rational points on the Fano variety of lines are Zariski dense. Note that Beheshti [Beh06, Thm. 2.1] has shown that in this case F 1 (X) contains no uniruled divisors, whence F 1 (X) itself cannot be uniruled.
We can say more in some special cases. Elsenhans and Jahnel [EJ06] have produced computational evidence for diagonal cubic threefolds over Q, which suggests that one needs to remove all the Q-lines if one hopes to obtain Peyre's constant in Manin's conjecture. Using Lemma 3.3 and Theorem 3.1, we can show that this is indeed the case.
Example 3.5 (Cubic threefolds). This example is based on the investigation of Bombieri and Gubler [BG07, §11.10]. Suppose that s = 1, n = 4 and d = 3, i.e. X is a non-singular cubic threefold. Example 3.4 shows that X contains a line over a finite field extension K of k and so Theorem 3.1 applies to X K = X × k K. It is classically known that that the Fano variety F 1 (X) of lines is a surface and that the lines geometrically sweep out all of X and so, over k, every point on X lies on a line. However, the K-lines cannot be Zariski dense over a number field and so Theorem 1.3 does not apply. Indeed, F 1 (X) is a surface of general type which embeds inside its Albanese variety and hence the rational points on F 1 (X) are not dense over any number field by a theorem of Faltings [Fal91] .
Recall that for a variety V defined over k, the rational points of V are said to be potentially dense if there exists a finite extension K of k such that V (K) is Zariski dense in V (see [Has03] ). The previous example shows that potential density fails for the Fano variety of lines in a cubic threefold. We now come to an example to which Theorem 1.3 applies.
Example 3.6 (Intersections of two quadrics). This example has also been considered by Hassett, Tanimoto and Tschinkel [HTT13, Example 27]. Suppose that s = 2, n = 5 and d 1 = d 2 = 2, i.e. X is a non-singular intersection of two quadrics in P 5 . Example 3.4 shows that Theorem 3.1 applies to X over some finite field extension of k. In fact, one may deduce something stronger. The Fano variety of lines F 1 (X) is classically known to be a principal homogeneous space of the Jacobian of a curve of genus two [IP98, Prop. 3.5.8] and moreover the lines sweep out all of X. This curve is the double cover of P 1 ramified at the points given by the degeneracy locus of the corresponding pencil of quadrics. It is well-known that potential density holds for abelian varieties (see [Has03, Prop. 4 .2]). In particular there exists a finite field extension K of k such that the collection of lines defined over K is Zariski dense in X K . Therefore Theorem 1.3 applies. We deduce that there is no choice of open subset U of X for which Manin's conjecture holds with Peyre's constant, uniformly with respect to every choice of anticanonical height function.
For completeness, we now construct such an example over Q. The following computations were all performed using [Magma] . Consider the following intersection X of two quadrics Denote by J = Jac(C) the Jacobian of C. Note that C has a rational point at infinity, which corresponds to the fact that the pencil of quadrics given by X contains a degenerate quadric over Q. The line x 0 = x 2 , x 1 = x 3 , x 4 = x 5 = 0 lies in X, in particular there is an isomorphism F 1 (X) ∼ = J over Q. The rank of the Mordell-Weil group of J is positive. Hence to prove that the rational points on J are Zariski dense, it suffices to show that J is simple as an abelian variety (see the proof of [Has03, Prop. 4.2]). Now, J has good reduction at 13 and moreover the characteristic polynomial of the Frobenius endomorphism at 13 is irreducible, so by a theorem of Tate [Tat66, Thm. 2(e)] we see that the reduction of J modulo 13 is simple. Therefore J itself must be simple. Hence the collection of Q-lines on X is Zariski dense over Q, and moreover this obviously also holds over every finite field extension of Q. Other examples may be constructed in a similar manner.
Even though the collection of rational points which lie on a k-line in X can be Zariski dense in the previous example, we shall nonetheless show in §3.3 that the collection of such points is thin in X. In particular, this example is compatible with Conjecture 1.4. The following example involves planes instead of lines.
Example 3.7 (Intersections of n/2 − 1 quadrics). Suppose now that n > 4 is even and that X ⊂ P n is a non-singular complete intersection of s = n/2 − 1 quadrics. Then d = n−2 and we are interested in planes. A simple calculation using Lemma 3.3 shows that F 2 (X) is non-empty, hence X obtains a plane over some finite field extension K of k and Theorem 3.1 applies to X K . Note that for a general such X we have dim F 2 (X) = 0. Thus for general X the planes sweep out a proper Zariski closed subset.
Using Lemma 3.3, we may now show that Examples 3.4 and 3.7 essentially exhaust all possible applications of Theorem 3.1 for general complete intersections. To this end it suffices to consider the case where d i 2 for each i = 1, . . . , s. Proof. To prove the result we need to show that F n−d (X) is empty, for general X. Lemma 3.3 leads to purely combinatorial problem. Namely, we need to show that if r = n − d and 2 r (n − s)/2 then Example 3.2 shows that there are complete intersections not of the form given in Example 3.4 or Example 3.7 to which Theorem 3.1 applies. This does not contradict Theorem 3.8 since it only applies to general complete intersections.
So far we have focused on non-singular complete intersections X ⊂ P n which contain (n − d)-planes, with d = d 1 + · · · + d s < n. Suppose now that d = n. In this setting (n − d)-planes are obviously not saturated. However, Lemma 3.3 implies that such X k always contain a (n + 1 − d)-plane, i.e. a line. For general X one has dim F 1 (X) = n − s − 2, and hence the collection of lines sweep out a proper closed subset in X. In this setting any k-line is expected to be strongly accumulating for any choice of anticanonical height H on X. Proof. Write F = F 1 (X). As X is general, by Lemma 3.3 we know that F is smooth and geometrically integral, with dim F = n − s − 1. The universal family of lines in X is a variety V ⊂ F × X. The fibres of the projection π 1 onto F correspond to the lines inside X, with the projection π 2 onto X corresponding to the inclusion of the lines into X. In particular π 2 (V (k)) consists of exactly those rational points on X which lie on a k-line contained in X. Since dim F = n − s − 1, we have dim V = n − s. As explained in Example 3.4, the map π 2 is dominant. To show that π 2 (V (k)) is thin, it suffices to show that π 2 is not a birational morphism. By [Beh06, Thm. 2.1] we know that F is not uniruled. In particular F is not rationally connected and so V is also not rationally connected. But X is a Fano variety and so is rationally connected (see [IP98, Cor. 6.2.11]), whence it cannot be birational to V .
The key result [Beh06, Thm. 2.1] used in the above proof applies to arbitrary non-singular complete intersections X of the above type (not just general X). Assuming the truth of the conjecture of Debarre and de Jong mentioned in Example 3.4, it therefore seems likely that the conclusion of Lemma 3.9 should hold for arbitrary non-singular hypersurfaces with d = n−1. It is also possible to prove the analogue of Lemma 3.9 for any non-singular intersection of two quadrics X over k, as in Example 3.6. In this case F 1 (X k ) is an abelian surface, which is certainly not rationally connected. The same proof given in Lemma 3.9 therefore shows that the collection of rational points which lie on a k-line in X is thin.
Fano threefolds
We now come to some applications of Theorems 1.2 and 1.3 to Fano threefolds.
Definition 4.1. The index of a Fano variety X over a field k, to be denoted Index(X), is the largest positive integer r such that −K X = r · D for some D ∈ Pic X.
Note that in general this definition depends on the choice of ground field (e.g. a conic without a rational point has index one, whereas P 1 has index two). Let X be a Fano variety defined over a number field k, with geometric Picard group Pic X k . All of the Fano varieties X appearing in this section will be assumed to contain a k-point, so that Pic X ∼ = (Pic X k )
Gal(k/k) and hence Index(X) = Index(X k ). We shall focus our attention on Fano threefolds of (geometric) Picard number one, by which we mean that Pic X k ∼ = Z. Since X(k) = ∅, we have Pic X ∼ = Pic X k . The Fano varieties considered in Examples 3.4 and 3.7 have index 2 and 3, respectively. As a general rule, the arithmetic of Fano varieties of Picard number one seems harder to understand as the index gets smaller.
There has been an industrious research programme on Manin's conjecture for del Pezzo surfaces, the Fano varieties of dimension two. In stark contrast to this, very little is known about the Manin conjecture for Fano threefolds X, aside from some special threefolds, such as those equipped with a group action with an open dense orbit (e.g. toric varieties). The only general result is by Manin [Man93] , who has shown that after a possible extension of the ground field, there is always an open subset U ⊂ X for which lim sup B→∞ log N (U, H, B) log B 1, for any anticanonical height H on X. Let X be a Fano threefold of Picard number one. In what follows we fix an ample generator D X for Pic X, which gives the isomorphism Pic X ∼ = Z. In particular, we have −K X = Index(X)·D X . We define the degree of X to be the integer d(X) = D 3 X and the genus of X to be g(X) = (−K X ) 3 /2 + 1, which is also an integer. The Fano threefolds of Picard number one have been classified by Iskovskikh (see [IP98] ). Using this classification we shall show that, except in a few special cases, saturated subvarieties occur and moreover the union of the saturated subvarieties can even be Zariski dense over a number field. We also give some examples for which the union of saturated subvarieties under consideration can never be Zariski dense over a number field, even though they are dense over the algebraic closure. Our result is as follows. 
Moreover, suppose that X is general and one of the following types:
• Index(X) = 2 and d(X) = 4 or 5.
• Index(X) = 1 and g(X) = 10 or 12. In particular for the latter Fano threefolds, there is no choice of open subset U ⊂ X which is uniform with respect to every height function, for which Manin's conjecture holds with Peyre's constant. We shall show in Lemma 4.5, however, that these results are still compatible with Conjecture 1.4.
Remark 4.3. Over the algebraic closure k of k, there are two special Fano threefolds with (Index(X), d(X)) = (2, 5) and (Index(X), g(X)) = (1, 12) (in fact there is a unique Fano threefold over k of index 2 and degree 5). These Fano threefolds are equivariant compactifications of a homogeneous space for SL 2 over k (see [MU83] and [IP98, Thms. 3.4.8 and 5.12.13]). Namely, there exists an action of SL 2 over k on each such Fano variety with an open dense orbit, such that the stabiliser of a general point is the octahedral and icosahedral subgroup of SL 2 , respectively. Manin's conjecture has been proved for many equivariant compactifications of homogeneous spaces using the methods of harmonic analysis. In all cases where this approach has been successful, the stabiliser of a general point has been geometrically connected. Given the presence of a Zariski dense set of saturated subvarieties, however, it is not clear that the harmonic analysis approach could be made to work here. Proof. As C(k) = ∅ we have C ∼ = P 1 . Moreover by assumption there is an isomorphism ω −1 X | C ∼ = O P 1 (r). We are therefore reduced to counting points of bounded height on P 1 , for which the desired conclusion follows from [Pey95, Cor. 6.2.18].
Non-singular rational k-curves C on such X with C · (−K X ) = 1 or 2 are of particular interest to us, as in the first case they are expected to be strongly accumulating and in the second case they are saturated if X has Picard number one. In view of Definition 4.1 we note that C · (−K X ) Index(X) for all curves C on X. In particular if Index(X) > 2, then curves of the above type cannot occur (which explains why we only consider the case Index(X) 2 in Theorem 4.2).
4.2. Proof of Theorem 4.2. We now consider Fano threefolds X of Picard number one, paying particular attention to the saturated subvarieties, following Iskovskikh's classification (see [IP98] ). The classification of Iskovskikh implies that 1 Index(X) 4. We define a line in X to be a curve L of arithmetic genus zero such that L · D X = 1, and a conic in X to be a curve C of arithmetic genus zero such that C · D X = 2. There is a simple characterisation of such curves if D X is very ample (we assume this condition from now on). Namely consider X ⊂ P n given by an embedding induced by D X and let C ⊂ X be a curve on X. If C · D X = 1 then C is a line in P n and if C · D X = 2 then C is a conic in P n (see [Har77, Ex. I.7.8]). In particular we see that for such curves, the assumption that they have arithmetic genus zero is redundant.
Index(X) = 4. In this case X ∼ = P 3 . Here Manin's conjecture with the usual height function is known by Schanuel's theorem (see [Pey95, Cor. 6.2 .18] for general height functions).
Index(X) = 3. Here X is a non-singular quadratic hypersurface in P 4 , which is an example of a flag variety. Manin's conjecture is therefore known by [FMT89] .
Index(X) = 2. This is the first interesting case. Since −K X = 2D X , there are no curves C on X such that C · (−K X ) = 1. One has 1 d(X) 5. In fact we have d(X) 3 since D X is assumed to be very ample. Lemma 4.4 implies that the k-lines on X are saturated. The following cases arise:
• d(X) = 3. These are cubic threefolds in P 4 , as in Example 3.5.
• d(X) = 4. These are complete intersections of two quadrics in P 5 , as in Example 3.6.
• d(X) = 5. This is the first new case. Here X is the intersection of a linear subspace of codimension three with the Grassmannian G(1, 4) embedded in P 9 via the Plücker coordinates. There is an isomorphism F 1 (X k ) ∼ = P 2 and the lines sweep out all of X (see [IP98, Prop. 3.5 .6]). In particular the k-lines are Zariski dense in X as soon as there is a single k-line on X, and so Theorem 1.3 applies.
Index(X) = 1. Here the fundamental invariant is the genus g(X), as defined above. One has 2 g(X) 12 and g(X) = 11. Since −K X is assumed to be very ample we have g(X) 3.
By Lemma 4.4, any k-line in X is expected to be strongly accumulating. It is known that F 1 (X) is non-empty as a scheme (see [IP98, Thm. 4.6 .7]) and has dimension one (see [IP98, Prop. 4 
.2.2])
. Thus the lines sweep out a proper closed subvariety of X. Moreover for general X, it is known (see [IP98, Thm. 4.2.7]) that F 1 (X) is a non-singular integral projective curve whose genus is at least 3. Hence Falting's Theorem [Fal83] tells us that there can only be finitely many lines defined over k.
Next let C(X) denote the Hilbert scheme of conics on X. By Lemma 4.4, we know that any k-conic in X is saturated. The Hilbert scheme of conics on X is non-empty (see [IP98, Thm. 4.6 .7]), has dimension 2 (see [IP98, Prop. 4.2.5]) and every point over k lies on a conic. The current state of knowledge for C(X) is summarised in work of Iliev and Manivel [IM07, §3] . For general X we have the following behaviour:
• g(X) = 12. In this case C(X k ) ∼ = P 2 . In particular, as soon as X contains a K-conic, for a finite field extension k ⊂ K, the collection of K-conics is Zariski dense and Theorem 1.3 applies.
• g(X) = 10. Here C(X k ) is an abelian surface, so again Theorem 1.3 applies after a finite field extension.
• g(X) = 9. Here C(X k ) is a ruled surface over a smooth plane quartic curve. Hence Falting's theorem [Fal83] tells us that the rational points on C(X) can never be Zariski dense.
• g(X) = 8. Here C(X k ) is isomorphic to the Fano variety of lines inside a cubic threefold. We have already seen in Example 3.5 that the rational points cannot be Zariski dense here.
is the symmetric square of a curve V of genus 7. The Albanese variety of V (2) is simply the Jacobian Jac(V ) of V . Moreover the Albanese map α : V (2) → Jac(V ) is an embedding if V is not hyperelliptic, and contracts a single rational curve Γ if V is hyperelliptic (see [LP12, §2.4]). In either case the image of α is not a translate of an abelian subvariety, hence the rational points on C(X) can never be Zariski dense by Falting's theorem [Fal91] . Moreover as α(V (2) ) contains no translate of a positive dimensional abelian subvariety, Falting's theorem even implies that the variety C(X) has only finitely many rational points if V is non-hyperelliptic and only finitely many rational points away from Γ if V is hyperelliptic.
• 3 g(X) 6. Examples here include quartics in P 4 , complete intersections of a quadric and a cubic in P 5 and complete intersections of three quadrics in P 6 . It is known that C(X) has general type, so the Bombieri-Lang conjecture predicts that the rational points on C(X) are never Zariski dense. It would be interesting if one could prove that this is indeed the case. This completes the proof of Theorem 4.2. We finish our analysis by explaining how Theorem 4.2 is compatible with Conjecture 1.4. For simplicity we only consider the case of general Fano threefolds of Picard number one.
Lemma 4.5. Let X be as in Theorem 4.2 and assume that X is general. If X has index 2 (resp. 1) then the collection of rational points in X which lie on a k-line (resp. k-conic) is thin.
Proof. The proof is similar to the proof of Lemma 3.9. Denote by F the Hilbert scheme of lines (resp. conics) on X if X has index 2 (resp. 1). Denote by V ⊂ F × X the corresponding universal family. If (Index(X), d(X)) = (2, 5) and (Index(X), g(X)) = (1, 12), then we have seen that F is not rationally connected. The same argument given in the proof of Lemma 3.9 shows that π 2 (V (k)) is thin inside X(k), where π 2 denotes the second projection. To handle the other cases, we note that the degree of π 2 is simply the number of lines (resp. conics) through a general point of X. Hence [FN89, Lemma 2.3] implies that π 2 has degree 3 if (Index(X), d(X)) = (2, 5) and the table given in [IM07, §3] implies that π 2 has degree 6 if (Index(X), g(X)) = (1, 12). Thus π 2 (V (k)) is also thin in these cases.
4.3. Fano threefolds which are complete intersections. We close this section by specialising to Fano complete intersections X ⊂ P n of dimension 3. Suppose that X is cut out by s hypersurfaces of degrees d 1 , . . . , d s 2 over a number field k. Then a simple calculation shows that X must be of one of the following types:
(1) a quadric in P 4 , (2) a cubic in P 4 , (3) a quartic in P 4 , (4) an intersection of two quadrics in P 5 , (5) an intersection of a quadric and a cubic in P 5 , or (6) an intersection of three quadrics in P 6 .
A non-singular quadric in P 4 is a flag variety, so Manin's conjecture for (1) follows from [FMT89] . As we have already seen, in cases (2)-(6) the variety contains saturated subvarieties (at least after a finite field extension). Moreover, in case (4) the saturated subvarieties can even be Zariski dense. The calculation of the saturated subvarieties in the remaining cases is itself a nontrivial task, as one needs to calculate the rational points on a surface of general type. Establishing an asymptotic formula for N (U, H, B) , for some open subset U of a Fano threefold of the above type, is likely to be very hard.
A quadric bundle in biprojective space
We begin by recalling some basic facts about counting rational points on non-singular quadric surfaces S ⊂ P 3 defined over a number field k. We shall say that such a quadric is split if S(k) = ∅ and the discriminant of the underlying quadratic form is a square in k. One has ρ(S) = rank Pic(S) = 2, if S is split, 1, if S is not split.
Let H be an anticanonical height function on S. We are now able to show that this is indeed the case. One may view X as a family of quadric surfaces S x , for x ∈ P 3 . The split quadrics contained in X are saturated for H. Moreover, the collection of x for which S x is split is Zariski dense in P 3 . Indeed, S x is split if x 0 and x 1 are squares and −x 2 and −x 3 are squares. Hence the split fibres are Zariski dense in X over k and Theorem 1.3 applies. This is compatible with Conjecture 1.4 since, for any split quadric surface S x in the family, x 0 x 1 x 2 x 3 must be a square. The collection of rational points on X which satisfy this condition is clearly thin.
